Let T be a tree rooted at r. Two vertices of T are related if one is a descendant of the other; otherwise, they are unrelated. Two subsets A and B of V (T ) are unrelated if, for any a ∈ A and b ∈ B, a and b are unrelated. Let ω be a nonnegative weight function defined on V (T ) with v∈V (T ) ω(v) = 1. In this note, we prove that either there is an (r, u)-path P with v∈V (P ) ω(v) ≥ 
Introduction
All graphs considered in this note are finite and simple. A path on t vertices is denoted by P t . The complement of a graph G is denoted by G. Given a graph H, we say that a graph G is H-free if G does not contain H as an induced subgraph. Let F be a family of graphs. A graph G is F-free if G is H-free for any H ∈ F. A clique in G is a set of pairwise adjacent vertices; and a stable set in G is a set of pairwise nonadjacent vertices. In [4] Erdős and Hajnal made the following conjecture: Conjecture 1.1 For every graph H, there exists a constant δ H > 0 such that every H-free graph G has a clique or a stable set of size at least |V (G)| δ H .
The Erdős-Hajnal conjecture is wide open. Recently, a new approach was introduced in [1, 2] to prove that the Erdős-Hajnal conjecture is true for {P t , P t }-free graphs for t ≥ 1, and graphs that contain neither induced cycles of length k ≥ 5 nor induced complement of cycles of length k ≥ 5. Other known results on the Erdős-Hajnal conjecture are detailed in a recent survey by Chudnovsky [3] .
Let T be a tree rooted at r. Let x ∈ V (T ). A descendant of x is any vertex y such that x ∈ V (P ), where P is the unique (r, y)-path in T . The parent of x is the vertex y such that y immediately precedes x on the unique (r, x)-path in T . Two vertices of T are related if one is a descendant of the other; otherwise, they are unrelated. Two subsets A and B of V (T ) are unrelated if, for any a ∈ A and b ∈ B, a and b are unrelated. Note that if A and B are unrelated, then A ∩ B = ∅. Let G be a graph and let ω be a nonnegative weight function defined on V (G). For any A ⊆ V (G) and any subgraph H of G, define ω(A) := a∈A ω(a) and ω(H) = ω(V (H)). In their proof of the main result in [2] , Bonamy, Bousquet and Thomassé made use of the following lemma. Lemma 1.2 Let T be a tree rooted at r and let ω be a nonnegative weight function defined on V (T ) with ω(T ) = 1. Then there is an (r, u)-path P with ω(P ) ≥ 1 4 for some u ∈ V (T ), or there exist unrelated sets A, B ⊆ V (T ) such that ω(A) ≥ In the same paper, the authors believe that Lemma 1.2 holds for 1 3 . In this note, we prove the following result which gives an affirmative answer to their question. We hope that Theorem 1.3 can be applied to settle more challenging cases of the Erdős-Hajnal Conjecture. Theorem 1.3 Let T be a tree rooted at r and let ω be a nonnegative weight function defined on V (T ) with ω(T ) = 1. Then there is an (r, u)-path P with ω(P ) ≥ 1 3 for some u ∈ V (T ), or there exist unrelated sets A, B ⊆ V (T ) such that ω(A) ≥ . Let T be the weighted tree rooted at r as depicted in Figure 1 . Note that ω is a positive weight function on V (T ) when . The bound 1 3 is tight when m is large.
Proof of Theorem 1.3
Suppose T has no path from the root r with weight at least 1/3. Then T is not a path. Let N G (r) = {v 1 , v 2 , . . . , v s } and T 1 , T 2 , . . . , T s be connected components of T − r, where
We call each T i a subtree of T rooted at v i for 1 ≤ i ≤ s. And T 1 , . . . , T s are also called branches of T at r. We next construct two unrelated sets A and B with desired weights according to the following algorithm: 
, color the root r RED (resp. BLUE), otherwise color the root r GREEN ; 7 Set r to be the root of T s and C be the set of connected components of T s \r with weights sorted in the nondecreasing order; 8 end 9 Call the last root r * . If ω(A) ≤ ω(B), add r * to A and color r * RED, otherwise add r * to B and color r * BLUE. Let y = r * , x be the parent of y and c be the color of y;
10 while x is colored GREEN or c do It can be easily checked that A and B constructed by the above algorithm are unrelated. Since T is not a path, both A and B are nonempty. Let u be the vertex in the last step of the algorithm that is added to A or B. According to the algorithm, u is colored RED or BLUE. Let M be the set of all colored vertices of T . Then the subgraph T [M ] of T induced by M is the unique (r, r * )-path, say P , where r * is the last root as given in the algorithm. By the algorithm, T − A ∪ B is the unique (r, u * )-path, say P * , of T , where u * is the parent of u in T . Clearly, P * is a subpath of P . Let N = V (P ) − V (P * ). Then r * ∈ N and the vertices of N are all colored by the same color of the root r * . One can see that if u is colored RED, then u ∈ N ⊆ A and the last set of vertices added to B are all uncolored. Similarly, if u is colored BLUE, then u ∈ N ⊆ B and the last set of vertices added to A are all uncolored. Since ω(P * ) + ω(A) + ω(B) = 1 and ω(P * ) < 1 3
, we have
.
We next show that min{ω(A), ω(B)} ≥ . Assume u ∈ B. Then u is colored BLUE and so r * is also colored BLUE. Thus N ⊆ B. Since r * is added to B, we have
. Thus ω(A) > 
